Introduction.
If d>(x, s2) is the solution of Ly = -y" -q(x)y = s2y, y(0)=0, y'(0)--1, where the potential q is defined on [0, oo) and decreases in magnitude sufficiently rapidly as x tends to infinity, then ip(x, s2) = C(s)sin(sx -a(s))+o (l) as x tends to infinity (see [5, Lemma 5] ). The function a is called the asymptotic phase. Given the asymptotic phase, the potential q can be reconstructed. Buslaev and Faddeev [2] and Gilbert and Kramer [5] proved that the asymptotic phase satisfies the equation In this article we show that it is possible to define an asymptotic phase for the solution tp(x, X) of -y" + [ -x + p(x)]y =Xy, y(0)=0, y'(0) = -1, where p is a finite1 function on [0, oc). The asymptotic phase is absolutely integrable and satisfies an equation similar to (1).
As is indicated by Gasymov [3] , perturbation by a finite function of the operator -y" -x'y, 0<t^2, produces other interesting phenomena.
We note that our formula (17) for the trace of the difference of the resolvents in terms of the asymptotic phase is the analog of formula (II) of Krein [7] . Krein's formula was deduced for abstract operators and involves his "spectral shift" function. Formulas similar to (17) which involve an asymptotic phase have been obtained by Buslaev and Faddeev [2] and by Buslaev [l] .
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License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use We observe that fx and f2 are entire functions of X, real for real X, and never simultaneously zero. Their Wronskian is 1. If X is real, (3) <h(x, X) = A(\)fx(x + X) -5(X)/,(z + X).
We have that
We see that A (X) and B(X) are entire in X, real for real X, never simultaneously zero. Using (4) and (5) and the asymptotics we have given lor fi, fi and </>, we see that as X^+°o,
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